Electrodialysis (ED) is a desalination technology that can treat brackish water [1] [2] [3] [4] [5] [6] [7] [8] , seawater [9] [10] [11] [12] [13] , and high-salinity brines [3, 14, 15] , and has many applications in the food and beverage industry [3, 16] .
The cost of ED can be decreased through the reduction of its power consumption. One way power consumption can be decreased is by increasing the system size 1 . The trade-off that exists between the costs related to the system size and the energy costs is well understood, and the choice of system size is determined through cost minimization, as was done in a previous study [17] for the use of ED for brackishwater desalination and high-salinity brine concentration.
Reducing energy consumption using the theorem of equipartition of entropy generation
A less commonly employed concept is that, for heat and mass transfer systems of fixed size, additional operation flexibility can also reduce power consumption. This can be explained by the theorem of equipartition of entropy generation, which was first introduced by Tondeur and Kvaalen [18] . This theorem states that, given a fixed duty (total quantity to be transported) and a fixed system size, the optimal configuration is that which minimizes the spatial or temporal variance in the rate of entropy generation. A more physical way of thinking about this concept is by considering the distribution of the available area. By better distributing the rate of entropy generation, the driving force is also better distributed (when flux is a linear function of the driving force), and more area is allocated to the part of the system where the driving force is higher.
Thus, in a poorly equipartitioned system, part of the available area is wasted on sections where the driving force is very small, resulting in low fluxes.
Equipartition through the use of multiple stages and of counterflow operation
One way to achieve better equipartition of entropy generation is by operating the system under multiple stages. Staging results in additional degrees of freedom, which, even at a fixed system size, can lead to improvements in the system's energy efficiency. The idea of multi-staging has been previously applied to multiple desalination technologies such as humidification-dehumidification [19] [20] [21] [22] , membrane distillation [23] , and reverse osmosis [24] . In the case of ED, each stage can be operated at a different voltage to better control the distribution of the flux. This is referred to in the literature as 'electric staging' of ED systems. In this paper, we use the term 'multi-staging' to exclusively imply 'electric staging', and use 'two stages' and 'two voltages' interchangeably.
Another way to better distribute the driving force over the available area is by operating a heat or mass exchanger in a counterflow configuration. In the case of ED, this can serve to better distribute the 1 at least until a certain limit, as explained in Appendix A concentration profiles over the length of the system, which might lead to improvements to the system's energy consumption.
Few studies have looked at the operation of ED under multiple voltages or in counterflow configurations.
Tsiakis and Papageorgiou [25] modeled ED systems with multiple hydraulic and electric stages. The conditions at each stage were optimized numerically to minimize total system costs. Turek [9] studied a counterflow two-stage ED seawater desalination system and reported energy and cost numbers. Ryabtsev et al. [26] implemented a two-stage desalination system. The first stage was operated under a constant current density, and the second stage was operated under a constant voltage. Tanaka [27] presented a multi-stage ED computer model that combines multiple stacks in series. McGovern et al. [7, 28] used a counterflow ED system coupled with reverse osmosis to decrease the costs of water production.
Even though these ideas have been previously presented in the literature, there has not been a detailed study on how to make the best use of multi-stage ED, and on the effect of these configurations on the performance of ED systems. In particular, there has been no mention of how current densities (or voltages)
in each stage should be chosen, or how two-stage ED compares to single-stage ED, and how counterflow ED compares to parallel-flow ED.
In this paper, we study possible improvements to the energy efficiency of electrodialysis through the use of two electric stages, and through the operation in counterflow configuration. We start by introducing some ideas from the literature that are necessary to explain the results that follow, such as the theorem of equipartition of entropy generation [18] and the concept of the equipartition factor [29] . We then look at how a two-stage ED system should be operated for optimal energy efficiency. In addition, we quantify the energetic benefits of two-staging in cost-effective brackish-water desalination and high-salinity brine concentration ED systems. Finally, we study the effect of operating in counterflow on these two applications.
Equipartition of entropy generation
In this section, we present some concepts that are necessary to interpret the results presented in this study.
A good starting point is to present the motivation behind trying to reduce the rate of entropy generation.
For a desalination system with fixed inlet and outlet flow rates and salinities, reducing the rate of entropy generation reduces the system's power consumption:
where the least power, P least , is only a function of the inlet and outlet states and is fixed. T 0 is the temperature (of the environment and of the system), andṠ gen is the rate of entropy generation. The derivation of the equation above involves combining the First and Second Laws of thermodynamics, and can be found in a previous study [30] .
As mentioned in Section 1, an important concept in the reduction of entropy generation is that of equipartition of entropy generation, first introduced by Tondeur and Kvaalen [18] . For a given system size operated continuously at steady state, and for a given total duty, the rate of entropy generation is minimized when its spatial variance is minimized. This theorem can be proven by using the Cauchy-Schwarz inequality when the phenomenological coefficient, L, which is the proportionality constant between the flux and the driving force, is assumed constant in the following relationship:
where j is the flux and f is the associated driving force, defined as
where S is the entropy, and X is the quantity being transported (e.g., the number of moles of a species).
The local rate of entropy generation per unit volume is the product of the flux and the driving force:
When L is constant, the variance of the rate of entropy generation is minimized when the variance of the driving force and that of the flux are minimized.
The theorem is expressed by Tondeur and Kvaalen [18] by writing the following expressioṅ
which shows that the rate of entropy generation is always larger than that of the equipartitioned system, where σ (f ) is the variance of the driving force.
Johannessen et al. [31] have shown that, even when L is not constant, the total rate of entropy generation is minimized when the variance of the entropy generation is minimized. In their study, minimizing the variance of the driving force led to a very similar total rate of entropy generation even though the temperature profiles in the heat exchanger were different. The explanation they provide for this result is that the variation of the entropy generation around its minimum is flat.
In addition, Johannessen and Kjelstrup [32] showed that the theorem of equipartition of entropy generation also relies on the assumption that all the driving forces in the system can be controlled independently.
However, Magnanelli et al. [33] showed that the equipartition of entropy generation yields a result that is very close to the numerical optimum even when this condition is not met, and can therefore be used in designing systems for improved operation.
As a result of the theorem of equipartition of entropy generation, the total rate of entropy generation can be divided into two parts. The first part is the rate that arises if the variance of rate of entropy generation is set to zero, and which Thiel et al. [29] refer to as the rate of entropy generation of the equivalent equipartitioned system,Ṡ gen, equip . The second part is the rate of entropy generation that arises due to the imbalance in the distribution of the rate of entropy generation,Ṡ gen, imbalance . We can write:
For a given transport area, A, and a given duty, J, which is transported over a distance h,Ṡ gen, equip is constant. For a constant phenomenological coefficient, L, we can write:
wheref is the mean driving force, andj is the mean flux:
As a result, for a fixed system size and a fixed phenomenological coefficient, changing the distribution of the flux through better use of operating degrees of freedom only affects the rate of entropy generation due to imbalance,Ṡ gen, imbalance .
The extent of the performance improvement that arises from better operation is captured by the equipartition factor, Ξ, as defined by Thiel et al. [29] :
If a very large fraction of the total rate of entropy generation is simply due to a large mean flux, which is in turn due to a small system size, resulting in a high equipartition factor, no significant improvements to the system performance can be made by better distributing the rate of entropy generation. In other words, even if the system operation is changed to result in zero variance of the rate of entropy generation, the total rate of entropy generation does not change greatly, and the performance is barely affected. A low equipartition factor means that a significant fraction of the total rate of entropy generation is due to a poor distribution of the flux, which means that significant improvements can be made without increasing the system size if the variance is decreased through better operation. We note that it is difficult to calculate the equipartition factor when the phenomenological coefficient is not constant without fully modeling the equipartitioned system.
Applying the theorem of equipartition of entropy generation to ED systems
We now apply the theorem of equipartition of entropy generation to ED. The local rate of entropy generation that arises from the transport of a single species is the product of the species flux and its driving force. For the transport of n species, the rate of entropy generation per unit area can be written as [30, 34, 35] :
where j i is the flux of species i, µ is the electrochemical potential, and T is the absolute temperature. As explained in detail in Appendix B, some approximations can be made, and Eq. 10 can be simplified to result in the following expression:ṡ
where j s is the salt flux, F is the Faraday constant, V cp is the cell-pair voltage, and ∆µ s is the difference in the salt chemical potential between the concentrate and the diluate. In addition, it is helpful to think about the flux in terms of the current density, which is easier to measure in practical systems:
where the current utilization rate is assumed to be very close to 1. We note that Eq. 11 and Eq. 12 are only used to give a clearer picture of how entropy generation can be related to current density and voltage, and that, in the calculated results presented in this paper, the full expression for entropy generation, Eq. 10, is used along with the full modeling approach detailed in Section 3.
For an electrodialysis system, the quantity transported (or the "duty") is the total rate of salt transport in mol/s. If the phenomenological coefficient linking the salt flux to the driving force is assumed constant, equipartition of entropy generation would state that the variances of the driving force and the flux need to be minimized. However, in ED L is not constant because the stack resistance can be a strong function of the concentrations, which are changing over the length of the system. When the assumption of a constant L breaks down, no single operating point can at once minimize the variances of the flux, the driving force, and the rate of entropy generation. The effect of a varying L on equipartition of entropy generation in ED is investigated in Section 4.
Modeling
In this section, we summarize the components of the ED models used. In addition, we present the system configuration and constraints, and a brief overview of the solution method.
Local transport
At any location in an ED stack, given the cell-pair voltage and the diluate and concentrate concentrations, we can calculate the local species fluxes and the current density. To account for the effect of fluid flow on the mass transfer, the stagnant film model is used, which is common in system-level ED modeling [7, 8, [36] [37] [38] . It is too computationally intensive to model the full Navier-Stokes equations over an entire system length. The stagnant film model assumes that the fluid is very well mixed everywhere inside the fluid channel, except for a thin concentration boundary layer adjacent to each membrane. The stronger the mass transfer, the thinner the diffusion film. The thickness of the diffusion film is calculated using Eq. D.1, which is the Sherwood number correlation developed by Kuroda et al. [39] .
The cell-pair voltage is the sum of the voltage drops that occur in the channel (bulk and film) and in the membranes (including the solution-membrane interface):
where i is the current density, ∆Φ CEM and ∆Φ AEM are the membrane potential drops, including the Donnan potentials of the adjacent interfaces. Details on the calculation of the membrane potential drops are shown
in Appendix E and Appendix F. The concentrate and diluate bulk resistances, r bulk,C and r bulk,D , are calculated using conductivity data for sodium chloride [40] [41] [42] . The motivation behind modeling sodium chloride is explained in Appendix C. The film electric potential drops, ∆Φ film,j , and the film concentration profiles are calculated using the Maxwell-Stefan equations, as explained in Appendix D. It is assumed that a large number of cell pairs is used, as is done in practice. As a result, most of the voltage drop will occur inside the membranes and the fluid channels, and the voltage drops at the two electrodes can be neglected.
In addition, the calculations performed in this paper are on a per-cell-pair basis. As was shown in a previous publication [17] , the number of cell pairs (if large enough to make the electrode potential drop negligible)
does not affect the energetic performance of the ED system if the membrane area and the product of the width and the number of cell pairs are kept constant.
In modeling brackish-water desalination, we use the Maxwell-Stefan-based model developed by Kraaijeveld et al. [38] , presented in Appendix E. The membranes characterized by Kraaijeveld et al. [38] are not suitable for high-salinity applications, so the model developed by Fidaleo and Moresi [37] is used to model the brineconcentration application, as is detailed in Appendix F.
The ED models used in this paper are among the most thorough in the literature. These models do not assume ideal transport (transport number equal to 1), and they allow the membrane perm-selectivity to vary with the concentrations of the concentrate and diluate solutions. In addition, the modeling approach used in this paper has previously been validated [17, 30, 43] using experimental results from the literature [36, 44] .
The local transport equations are integrated over the length of the system through the use of finite differences. This also allows the calculation of the variances of the different quantities needed in this analysis.
System constrains and configuration
To be able to compare the power consumption of the different operating points, the system size is held constant. As was done in a previous study [17] , the fixed costs of the system are assumed to depend only on its size, represented by the total cell-pair membrane area. In addition, the feed flow rate and salinity, and the product flow rate and salinity are kept constant to allow a fair comparison between the different operating points.
When the area of a single-stage system is fixed, there is only one voltage that results in the set outlet salinities. In a two-stage system, the total available area is divided between two stages, each operated at a different voltage, as shown in Fig. 1 . Because the total area is fixed, setting the fraction of area that goes into the first stage automatically sets the fraction that goes into the second, resulting in one degree of freedom.
By choosing the voltage of the first stage, V 1 , as the second degree of freedom, the voltage of the second stage, V 2 , is set because the outlet salinities are fixed.
Feed Product Brine
Recirculated brine
Fig. 1: Schematic diagram of a two-stage ED system with brine recirculation. A single-stage system will have V 1 = V 2 , whereas a two-stage system will have different voltages. The fixed costs of the two systems, represented by their size, will be the same. The number of electrodes used in both configurations will also be the same.
The degree of brine recirculation is determined by the set recovery, defined as the ratio of the mass flow rate of the product stream (i.e., diluate stream in desalination and brine stream in salt production) over the mass flow rate of the feed. Given that the volumetric flow rates of the two streams are affected by water transport, only the outlet streams of the stack are fixed. For this reason, the system is solved starting at the outlets, and using species balance to build the concentration and current density profiles to get to the inlets.
At the inlets, species balance is performed to check that the calculated concentrations are correct.
In studying the effect of multi-staging and counterflow operation, it is not necessary to consider pumping power because it can be assumed constant. This is possible because the velocity, length of stack (in the direction of fluid flow), and channel height are held constant, and entry effects are negligible compared to the pressure loss in the stack [17] . The velocity is fixed to values determined in our previous cost minimization study [17] .
The optimal operation of a two-stage ED system
Operating a system of fixed total area under two voltages results in two degrees of freedom: the fraction of the area that goes into the first stage, and the voltage of the first-stage. In this section, we look at how these two variables should be chosen to result in the best energetic performance.
Effect of the voltage of the first stage on power consumption
First, we study the effect of V 1 on the energy consumption of the system. This is done by dividing the total length equally between the two stages. In this section, a feed of brackish water at 3 g/kg is desalinated to result in a product at 0.35 g/kg at a recovery of 80%. The applications considered in this study are summarized in Table 1 . To magnify the effect of two-staging, a large system is modeled: the stack length is 5 m, double the cost-effective value calculated for this application [17] . A channel height value of 0.5 mm and a velocity of 18 cm/s are also taken from our previous study [17] . As shown in Fig. 2(a) , there exists a value of the first-stage voltage that minimizes the stack power consumption. As shown in Fig. 2(b) , this is the same value that minimizes the total rate of entropy generation, as expected from Eq. 1. The first-stage voltage is normalized by the single-stage voltage:
Thus, a single-stage system is that corresponding to a normalized first-stage voltage of 1. For this case of brackish water desalination, the reduction in power consumption is around 6% compared to the single-stage system. , and is higher than the first-stage voltage that minimizes the variance of the
This result is consistent with the conclusion by Johannessen et al. [31] that, for a system with a varying phenomenological coefficient, the rate of entropy generation is what fundamentally needs to be equipartitioned, and not the flux or the driving force. In this case, minimization of the variance of the current density results in a power consumption that is 1.6% higher than the optimal. The variances of the three quantities are minimized at the same operating point only when the phenomenological coefficient is constant.
To better illustrate how the voltage of the first stage lowers the total rate of entropy generation, the current density and entropy generation profiles of the optimal two-stage system are compared to those of the single-stage system in Fig. 5 . The single-stage system does not make good use of the membrane area towards Table 1 for conditions. the end of the stack because the current density is low. To compensate for the low current density at the end of the stack, the single-stage voltage has to be set to a high value, which results in a high current density at the inlet of the stack. The two-stage system overcomes this problem by having a low voltage in the first stage, and a higher voltage in the second stage, ensuring a better distribution of the current density and of the entropy generation rate, and a better usage of the available membrane area. This results in the reduction of the required power consumption.
Effect of osmosis and diffusion on the optimal operation of two-stage ED
In some ED applications, the concentration difference between the concentrate and diluate channels can be large, resulting in significant losses due to osmosis and diffusion. In such cases, when the inlet and outlet salinities and flow rates are fixed, different operating conditions can result in different rates of osmosis and diffusion. In the case of a two-stage system, a higher voltage in the first stage results in a faster increase The distribution of the current density and of the rate of entropy generation along the length of the stack for a single-stage system and for the optimal two-stage system. In this case, operating under two voltages results in a 5% reduction in power consumption compared to the single-stage system. S feed = 3 g/kg. See Table 1 for conditions. in the difference in concentration between the concentrate and the diluate channels. A higher concentration difference in the second stage over the same membrane area results in more osmosis and diffusion, which in turn result in a larger amount of salt that needs to be removed from the diluate to the concentrate, and a larger required current. The increasing average current density with increasing first-stage voltage is shown in Fig. 6 for the desalination of a feed from 35 g/kg to 1 g/kg at a recovery of 70% and a system length of 12 m. By contrast, the average current density in the case shown in Fig. 4 Table 1 for conditions.
As shown by Eq. 6, the total rate of entropy generation can be thought of as consisting of two parts.
The first part of Eq. 6, which is proportional to the average of the flux, is minimized when the current is minimized, and this behavior favors a lower value of the first-stage voltage. The second part, due to the imbalance in the system, is minimized when the variance of the entropy generation is minimized. As a result of these two effects, the voltage that minimizes the total rate of entropy generation is lower than that which minimizes the variance of the rate of entropy generation when osmosis and diffusion are non-negligible. In the case studied in Fig. 7 , the optimal first-stage voltage is closer to that which minimizes the variance of the current density.
In summary, in the absence of osmosis and diffusion, the voltage of the first stage should be set such that the variance of the rate of entropy generation is minimized. When osmosis and diffusion are non-negligible, the optimal first-stage voltage is smaller than that which minimizes the variance of the rate of entropy generation because a smaller first-stage voltage results in lower osmotic and diffusive losses, and in a lower duty. The optimal operating point is determined by the trade-off between the reduction in duty and the reduction in the variance of the rate of entropy generation.
Effect of the distribution of area between the two stages on power consumption
Next, we turn to the effect of the distribution of area between the two stages on the power consumption.
We consider the desalination of a feed from 35 g/kg to 1 g/kg at a recovery of 70% and a system length of 12 m. At each division of area, the voltage of the first stage is set such that the power consumption is minimized. The distribution of the available area provides an additional degree of freedom which can be used to decrease the total rate of entropy generation for a fixed system size. Figure 8 shows that the total power consumption is minimized when around 80% of the total area is used in the first stage, which is the distribution of area that also minimizes the variance of rate of entropy generation and the average current density. The power consumption is reduced by 29% compared to the single-stage system, and by 7% compared to the two-stage system with equal distribution of area between the two stages.
As shown by the mostly flat variation of power consumption in Fig. 8 , most of the gains of two-staging can be realized even if the distribution of area between the two stages is not optimal. The reduction in power consumption compared to the single-stage system is significant because the modeled desalination application is highly favorable to multi-staging due to its small equipartition factor, as defined in Eq. 9. The wide range of salinity covered by the system ensures a large change in resistance and current density over the length of the system, which, at a fixed voltage, results in a large variability in the rate of entropy generation. In addition, a large system size results in a lower rate of entropy generation that is due to the average flux (see Eq. 7), and magnifies the effect of multi-staging on the system energy consumption, as explained in Section 2. Table 1 for conditions.
In addition, the choice of the first-stage length (while keeping the system length constant) can serve to decrease the average current density. The average current density is decreased by around 3% for a first-stage fraction of around 70%. This is an indication that the choice of the distribution of area can decrease osmosis and diffusion by making the available area smaller when the salinity difference between the two streams is large, which is close to the outlet of the system. Even with the same inlet and outlet salinities for the system as a whole, the operation of the system dictates the distribution of the available area between the different parts of the process.
The optimal first-stage fraction of around 80% is specific to the system modeled in this section. Different inlet and outlet salinities have yielded first-stage fractions between 50% and 80%, with the applications with a higher salinity range yielding a larger first stage.
The benefits of multi-staging in brackish-water desalination and in high-salinity brine concentration
In the previous section, large systems were modeled to magnify the effects of two-staging in order to be able to study how a two-stage system should be operated. In this section, we quantify the benefits of multistaging for system sizes that are cost-effective, and for ED applications that are already in use. We expect the benefits of multi-staging to increase with increasing system size, so it is important to choose cost-effective system sizes, which are smaller than those modeled in the previous section.
We study the effect of multi-staging on two applications: a) the desalination of a brackish-water feed from 3 g/kg to 0.35 g/kg at a recovery of 80%, and b) the concentration of highly-saline brine from 70 g/kg to 200 g/kg at a recovery of 21%. The first application is for the production of drinking water from brackish water, where the brine stream is recirculated to ensure high recovery. The second application is part of a salt production process, which uses as feed the brine outlet of a typical seawater desalination system. The recovery is set such that the diluate stream leaves the system at 35 g/kg, which is considered to match the salinity of seawater for convenience of discharge. The configuration used in the first application is the same as in Fig. 1 . The configuration of the second application does not employ brine recirculation, and instead the flow rates of the diluate and concentrate channels have different values so as to produce the required recovery.
In a previous study [17] , a cost model was used to determine the system size at which total costs are minimized for a single-stage system. In this section, we study the effect of operating under two voltages at the previously determined cost-effective system sizes and operating conditions such as the velocity. For each system size, the voltage of the first stage and the division of area between the first and second stages are set such that the power consumption is minimized.
The effect of multi-staging on brackish-water desalination
At a cost ratio of 134 W/m 2 (see Appendix G) and for a channel height of 0.5 mm, the optimal effective length for this application is 2.5 m and the optimal fluid velocity, determined by a trade-off between ED electric power and pumping power, is 18 cm/s [17] . As shown in Fig. 9 , at the cost-optimal length of 2.5 m, operating under two voltages only reduces the power consumption by less than 1%, and the improvement in the energetic performance reaches less than 6% at a length of 5 m, which is double the cost-optimal length. The effect of multi-staging is not large because fixed costs are very high; and, as shown in a previous study [17] , the ED system is operated close to the limiting current density, which means that the system size that minimizes the total costs is fairly small. A small system size results in a large rate of entropy generation that is due to the average flux, which reduces the importance of the rate of entropy generation that is due to the variance of the flux. In other words, the cost-optimal ED system for brackish-water desalination has a high equipartition factor, and, even if the variance in the rate of entropy generation is minimized, the total rate of entropy generation does not vary greatly. The results presented in Fig. 9 are for a cost ratio, r, equal to 134 W/m 2 . If the cost ratio is reduced fivefold (to r = 26 W/m 2 ), operating under two voltages at the cost-optimal system size reduces the power consumption by slightly less than 5%. For two-stage operation to yield a significant reduction in power consumption and costs, the fixed costs of ED need to be much smaller relative to electricity costs than are those reported in Table G .5.
The effect of multi-staging on high-salinity brine concentration
The effect of multi-staging is even lower in the brine concentration application. As shown in Fig. 10 , operating under two voltages barely reduces the power consumption. In fact, the improvement is less than 2% for a length of 10 m, which is around 50% larger than the cost-optimal length of 6.6 m. The stack resistance at high salinity is dominated by the membrane resistance [30] , which does not vary greatly with salinity. We can therefore approximate the equipartition factor by assuming a constant resistance, and Eq. 9 can be written as a function of the current density:
where the numerator is the square of the average current density, and the denominator is the average of the square of the current density. As explained in Section 5.1, the high capital costs relative to energy costs push the optimum towards smaller systems and higher energy consumption, which explains why the equipartition factor for this application in the range of the cost-optimal system size is very high, as shown in Fig. 10 .
Even though operating under two voltages significantly decreases the variance of the current density, as shown in Fig. 10 , this decrease in variance barely affects the total rate of entropy generation, which is mostly due to the average of the flux, and not its variance, as shown by the high equipartition factor.
At first, a ratio of two-stage to single-stage power consumption that is lower than the equipartition factor seems contradictory. The equipartition factor sets the limit on the amount by which the total rate of entropy generation can be decreased if the entropy generation due to the imbalance,Ṡ gen, imbalance , is set to zero.
However, it is also assumed that the entropy generation due to the mean will not change. In this case, the amount of salt that needs to be removed decreases slightly due to the decrease in osmosis and diffusion, which means that even the rate of entropy generation due to the mean decreases, which explains why the improvement in performance is slightly larger than the maximum predicted by the equipartition factor.
The effect of multi-staging in the high-salinity case is lower than that in the brackish-water case. This can be explained by a higher equipartition factor in the brine-concentration application. At high salinity, the dominant resistance is that of the membranes, which does not vary greatly with salinity. This means that the variation of the concentrations along the stack affects the total resistance much less than in brackishwater applications, resulting in a lower variance of the rate of entropy generation. In addition, the entropy generation is much higher in the brine-concentration application because a lot more salt is being removed to take a feed from 70 g/kg to 200 g/kg than in taking a feed from 3 g/kg to 0.35 g/kg, resulting in a higheṙ S gen, equip .
Finally, even if the cost ratio is reduced from 134 W/m 2 to around 40 W/m 2 , the two-stage system at the cost-optimal size only reduces the power consumption by 2% relative to the single-stage system. In summary, current electrodialysis fixed costs need to be greatly reduced relative to the cost of electricity for two-staging to have significant effects on the power consumption of ED.
The effect of multi-staging on the energetic performance of cost-effective ED systems is summarized in Table 2 . brine concentration 40 2%
Counterflow electrodialysis
In this section, we study the effect of operating in counterflow on the performance of ED systems. Operating in counterflow is expected to improve the distribution of the concentration difference. In a parallel flow ED system, the concentrations are close (or equal) at the inlet, and diverge as salt is transported from the diluate to the concentrate channel. In a counterflow system, the concentrations of the two streams are high on one end, and low at the other.
Brackish-water desalination
First, we look at the effect of operating in counterflow on the performance of a brackish-water desalination system. We compare a counterflow system to a parallel-flow system with the same inlets and outlets and with the same system dimensions. By setting these constraints we can compare the energy consumption of the two systems fairly. In addition, we neglect any trans-membrane pressure drop that might arise from the operation in counterflow mode, which means that we are calculating a performance limit of the counterflow system, with practical systems yielding a lower performance due to leakage. Figure 11 shows that operating in counterflow reduces the power consumption relative to the parallel-flow system by around 3-4%. We note that this improvement can be divided between a decrease in the required voltage, and a decrease in the total current, which represents the total amount of salt removed, and which quantifies the effects of osmosis and diffusion. In the brackish-water desalination application, the voltage is decreased by around 3% compared to the parallel-flow operation, which is due to a better distribution of the chemical potential difference, whereas the current is only decreased by less than 1%, which means that operating in counterflow does not greatly reduce osmosis and diffusion in this application. Operating in counterflow reduces the voltage that is required to overcome the concentration difference, and results in a better distribution of the rate of entropy generation, thus reducing the required power consumption by directly affecting the required voltage. If the system length is increased to 15 m, a very significant size, a 6% reduction in power consumption can be achieved relative to the parallel-flow configuration. This shows that the effect of operation in counterflow increases with increasing system size. This is due to having a lower equipartition factor when the system size is increased.
For operation of counterflow to be preferred over operation in parallel flow, this improvement in performance would need to be greater than the negative effects that arise from operating in counterflow, including leakage through the membrane due to the resulting trans-membrane pressure difference, the additional strain on the membranes, and the increased piping complexity.
High-salinity brine concentration
The effect of operating in counterflow is even lower in the brine-concentration application. As shown in Fig. 12 , operating in counterflow reduces the variance in the current density by up to 98%, but only reduces the power consumption by 2.5% at a length of 10 m. This again is a result of the very high equipartition factor, which is due to operating at high current density (small system size) and low variability in the resistance along the stack. In addition, even for the brine concentration application, operating in counterflow reduces the total current by less than 1%, which means that it does not have a great effect on diffusion and osmosis. 
Differences between ED systems and heat exchangers
An ED stack, which can be thought of as a mass exchanger, has some significant differences from a heat exchanger. In a heat exchanger, we can think of the heat flux as being proportional to a temperature difference. By operating in counterflow, we make the streamwise distribution of the temperature difference more uniform, such that the temperature difference in no location along the exchanger is too small, as would happen in parallel flow, as shown in Fig. 13 . By contrast, the driving force in an ED system is the difference in the electrochemical potential of the salt between the two streams, as shown in Eq. 11. Given that these systems are small and operate at high current densities, the contribution of the chemical potential difference to the electrochemical potential difference is small, as shown in Fig. 13 . As a result, the variance of the chemical potential difference is small compared to the mean electrochemical potential difference, and a better distribution of the concentration difference does not have a great effect on performance. If ED fixed costs are reduced relative to energy costs, larger systems can be used and counterflow ED will have a bigger effect on the performance because the chemical potential difference forms a larger fraction of the applied voltage. 
Conclusions
In this paper, we studied the effect of multi-staging ED and of operating ED in counterflow for brackishwater desalination and high-salinity brine concentration. We have shown that, in the absence of processdependent losses such as osmosis and diffusion, the voltages in a multi-stage system should be set such that the spatial variance of the entropy generation rate is minimized, as predicted by the theorem of equipartition of entropy generation. When osmotic and diffusive losses are non-negligible, the total amount of salt that needs to be transported depends on the process, and equipartition of entropy generation is not enough to determine the optimal operating point because the condition of fixed duty does not hold. In such cases, the optimal first-stage voltage is determined by the trade-off between the reduction in duty and the reduction in the variance of the rate of entropy generation. In addition, the distribution of area between the two stages is another variable that can be used to decrease the power consumption by further decreasing the duty and the variance of the entropy generation rate.
Cost-effective ED systems tend to be small and are operated at high current density because of their high fixed costs relative to the cost of electricity. This results in a large rate of entropy generation that is due to the mean flux, which corresponds to a high equipartition factor. For system sizes that are cost effective, operating under two voltages does not have a big effect on the power consumption in brackish-water desalination and in high-salinity brine concentration because the entropy generation that can be saved through the minimization of its spatial variance is a small fraction of the total rate of entropy generation. For these same reasons, operating in counterflow does not result in a significant decrease in power consumption compared to operating in parallel flow. When one considers the negative effects of operating in counterflow, the prospects become even less promising, if not negative.
If a large membrane area is used, and the stack resistance varies greatly over the length, the amount of entropy generation that is due to imbalance,Ṡ gen, imbalance , can be significant. It was shown that, in such cases, operating in two-stages can result in a significant reduction in a system's energy consumption (up to 29%). Future work on improving the energy efficiency of ED systems should therefore focus on reducinġ S gen, equip as defined in Eq. 7, which can be done by decreasing the stack resistance or by decreasing ED fixed costs to allow the use of larger systems. This would allow the improved operation of ED to result in significant benefits.
where a i is the activity of species i, and Φ is electric potential. For a binary salt, the species present are the cation, the anion, and the water. To obtain a simple expression, we assume perfectly perm-selective membranes, and we ignore water transport. The cation flux goes from the center of the diluate channel to the center of concentrate channel C 1 and the anion flux goes from the diluate channel to the concentrate channel C 2 , as shown in Fig. B. 14. The two concentrate channels are at the same concentration, but at different electric potentials. We can write:ṡ
For perfectly perm-selective membranes:
where µ s is the chemical potential of the salt. Even though the salt is neutral, the use of ion-exchange membranes results in the salt being driven by the electrochemical potential difference. This is clear from how
ED uses an applied voltage to move salt from the diluate to the concentrate channel.
We note that Eq. 11 and the assumptions presented in this section are only used to give a clearer picture of how entropy generation can be related to current density and voltage, and that, in the calculated results presented in this paper, the full expression for entropy generation, Eq. 10, is used along with the full modeling approach detailed in Section 3.
Appendix C. Thermophysical properties
A solution of sodium chloride is modeled because of the availability of membrane data for both models used [36, 38] . In addition, the properties of sodium chloride can be used to approximate those of seawater [45, 46] . We use the implementation in MATLAB by Thiel et al. [47, 48] of Pitzer's equations [49] [50] [51] [52] [53] [54] . The properties used are the solution density, the activity coefficient, the water activity, the osmotic pressure, and the ionic diffusivities.
Appendix D. Inside the diffusion films
The diffusion layer thickness, δ, is calculated from the correlation of the Sherwood number, Sh, by Kuroda et al. [39] :
where k m is the mass transfer coefficient, D is the diffusivity, Re is the Reynolds number, Sc is the Schmidt number. D e is the effective diameter:
W is the stack width, and is much larger than the channel height, h, so we can write:
s is the volume fraction in the channel, as reported by Kuroda et al. [39] . The Reynolds number and the Schmidt number are defined as:
where µ is the dynamic viscosity and ρ is the density.
In addition, electroneutrality is satisfied everywhere inside the diffusion film given that the interface is lumped with the membrane:
The film electric potential drops and the film concentration profiles are calculated by integrating the Maxwell-Stefan equations over the diffusion film using the fourth order Runge-Kutta method:
where c i is the concentration of species i, µ i is the electrochemical potential of species i, Ð ij is the MaxwellStefan diffusion coefficient of species i and j, and j i is the molar flux of species i. The fluxes in the film are the same as those in the membranes due to conservation of species at steady state. The diffusion coefficients inside the solution are adapted from Kraaijeveld et al. [38] , with the original data from Chapman [55] and Mills and Lobo [56] :
where c is the solution concentration in mol/m 3 .
Appendix E. Modeling transport through the membranes in brackish-water desalination
In modeling brackish-water desalination and seawater desalination, we use the Maxwell-Stefan-based model developed by Kraaijeveld et al. [38] . At each membrane-solution interface, each species that exists in both media is assumed to be in thermodynamic equilibrium:
Rearrangement of this equation allows the calculation of the Donnan potential drop at the interface:
Rearrangement of Eq. E.2 allows the calculation of the concentrations of the co-ion and counter-ion inside the membrane (in combination with electroneutrality inside the membrane):
where the activity coefficient of the salt inside the membrane, γ m ± , was adapted from Kraaijeveld et al. [38] , who fitted the coefficients using experimental data.
In addition, the Maxwell-Stefan equations are used to relate the fluxes through each membrane to the driving forces across the membrane. The diffusion coefficients inside the membrane are different from those in the channel and were measured by Kraaijeveld et al. [38, 44] . These equations are also used to calculate the electric potential drops across the membranes, which are added to the Donnan potential drops to form ∆Φ m in Eq. 13. Details of this model have been presented in previous studies [17, 30, 38, 44] , and our numerical implementation of this model has been validated in a previous work [30] . The water concentration inside the membrane is calculated as follows:
where %H 2 O is the water content inside the membrane.
Appendix F. Modeling transport through the membranes in high-salinity brine concentration
The model developed by Fidaleo and Moresi [37] is used to model the brine-concentration application.
This model expresses the salt flux as the sum of contributions from current passage and back-diffusion:
and the water flux as the sum of contributions from electro-osmosis and osmosis:
where c s,D,m is the salt concentration at the membrane interface in the diluate channel, π C,m is the osmotic pressure at the membrane interface in the concentrate channel. T s and T w are the salt and water transport numbers, respectively, and L s and L w are the salt and water permeabilities respectively. These parameters were measured by McGovern at al. [36] for the Neosepta AMX-SB and CMX-SB membranes at salinities of up to 200 g/kg and are summarized below: The membrane electric potential drop in Eq. 13 is
where γ ± is the mean molal activity coefficient, and m is the molality. The resistances of the membranes, Our implementation of this model has been validated with experimental results from McGovern et al. [36] in a previous study [17] .
Appendix G. Cost modeling
The cost-optimal system size is a strong function of the relative importance of fixed and operating costs.
The cost ratio, r, was used by Chehayeb et al. [17] to capture this variability, where the normalized cost was defined as:
where A is the effective cell-pair area, P is the power consumption, and the cost ratio is defined as:
where K e is the cost of electricity and K m is the fixed cost per unit effective cell-pair area per unit time:
where K m,0 is the present value of the equipment costs. The values used in the calculation of the cost ratio are given in Table G.5. The distribution of the current density and of the rate of entropy generation along the length of the stack for a single-stage system and for the optimal two-stage system. In this case, operating under two voltages results in a 5% reduction in power consumption compared to the single-stage system. S feed = 3 g/kg. See Table 1 The effect of the voltage of the first stage on the average current density of the system. The variables are normalized by their single-stage values. S feed = 35 g/kg. See Table 1 for conditions. 14 7
The effect of the voltage of the first stage on the variance of the current density, the variance of the rate of entropy generation, and the power consumption. The effect of the distribution of area between the two stages on the power consumption, the variance of the current density, the variance of the rate of entropy generation, and the average current density. The variables are normalized by their single-stage values. S feed = 35 g/kg. See Table 1 
